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What is recursive?
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Why recursive?

e Efficient, i.e., less computations and CPU time
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Ref. : Shah, S.,V. Saha, S.K., Dutt, J.K, Dynamics of Tree-type Robotic Systems, Springer, 2013



Joint acceleration (rad/sq.sec)

Why recursive? (contd.)

* Numerically stable = Simulation is realistic

Recursive Non-recursive
(Forward) (Forward)
4 1 3 - l : 30 *: 2 Iq 4

= <
Time (sec) Time (sec)

Ref. : Mohan, A., and Saha, S.K., A recursive, numerically stable, and efficient simulation
algorithm for serial robots with flexible links, Multibody System Dyn., V. 21, N. 1,pp. 1—35.




Unrealistic: Constraint Violation
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Review of Dynamic Formulations

e FEuler-Lagrange (EL) ‘ jt(sg]—al_zfi

mv, :fi

 Newton-Euler (NE) ‘

.o, +o, xL.o, =n

i

Miti +VViMiti =W,

sl mpwe%" afeels e

Starting point for the Recursive Dynamics
(using the DeNOC matrices)




Newton-Euler to Euler-Lagrange

' iti Rate of
Link velocities
t (o and v) ! i Independent
I coordinate O

f the velocity transformation matrix

Newton-Euler Minimal order

Equations of Equations of motion
motion (Euler-Lagrange)

——————————O——

O Eliminate constraint forces and moments from the NE equations.

« Analytical expressions of vector and matrices,
Decomposition of inertia Matrix, Recursive algorithms,
Dynamics model simplifications, etc.



Example: A Moving Mass

fV: Vertical component = Reaction
f : Horizontal component = Motion



Equation of Motion

External f zg\,‘
force, 5’@

e \
,\\‘ %,
Mass, L
ass, M| %
o | *
Reaction, T_ ‘ 2

Newton’s 2™ law: f_ +f_ = mC

Velocity constraint: € =[1]X

Note that

NOC: I
] [i1' (f, + f)Li1=0

Euler-Lagrange:

[i1" [fi+(f, + f)il=[i]" mxi = f =mx



Uncoupled NE Equations

 Newton-Euler (NE) equations fo v; (velocity)

Lo, + o, x[,o;, =n, ' .

mv. =f. (ang. vel.)

m . . 11455
* NE equations in compact form I: - inertia
 tensor

Miti +WMt; =w,

where

T T



Uncoupled NE Equations

* Separate the bodies = n bodies

Mt + WM, =w; +wy

o F
O"'iO * 6n NE equations
Mt + WMt =w" +w*

M=diag[M, M, -+ M_]
W=diag[W, W, - W]




Kinematic (Velocity) Constraints

W = I'.-:.-’j + 'E.EE!,.'

vf—vj--mf I'_i:‘l"wt'xi'l;i

ti = Byjt; + pib;

1 O o
B. = —(I’j+di)><1 1 piE|: }

‘ B:iBi. = Bi
B;; =1, and B ' = E'_;l'r'

B;;: the 6n x 6n twist-propagation matrix

p;: the 6n-dimensional joint-rate propagation vector or twist generator



DeNOC Matrices

t=[t7,-- tI]" @=[6,---,6,]"

\ ¥ Y 4

t = NG where N = N; N,

-1 O --- 0O- pr 0 --- 07
B, 1 ... O 0 p» --- D

N; = . . . . and Ny = . . ) .
B,, B, --- 1. 0 0 --- p,_

* N=N,N,: the 6n x n Decoupled Natural Orthogonal Complement



Coupled Equations of Motion

* Pre-multiplication by N7

N'(Mt+WMt)=N" (w" +w°®)

* Equations in compact form

. . n coupled EL equations
N"w® =0 IO+C9=T« X d

- no partial differentiation

| : nxn Generalized inertia matrix (GIM)
C : nxn Matrix of convective inertia (MCl) terms

T : n-dimensional vector of generalized forces due to driving
torques/forces, and those resulting from the gravity,
environment and dissipation.



Generalized Inertia Matrix (GIM)

* Generalized inertia matrix (GIM)
|=NJMN; where M=N"MN,

* Each element of the GIM
iij :p:MiBijpj

* Mass matrix of composite body
M =M +B/, M _B

| 1+1,1 1+1=" 1+,



Vector of Convective Inertia (VCIl)

e Vector of Convective Inertia
h=C0= NZ\TV'

where W'=N!(Mt'+WMt) and t'=(N,+N,W)8

e Each element of h

T~r
i

h,=p; W
.
Where =w; +B/, ;W ,and W, =w,

and w! =M.t + WM.t



Generalized Force (Joint Torque)

e Generalized Force

r=NwE where W =N/ w"

 Each element is obtained recursively

T\iE
T, =p W
wherew =wS +B/, W

1+1,1 |+1

and W —W



Example: One-link arm

], =[0 0 1]T;[d]1z[%ac€) %as@ o

o0 o0 O —s0 0
[|]2=”E 010 Q=|s6 cd 0

0 01 0 0 1
2 20 —sfco 0
_ T_ma’|_ 2
[} =QpQ" =——-| —scd ¢ 0
0 0 1
e - | O Fio 9.3 Oneli
wherep = andM =M = ig. 9. ne-link arm
exd O ml
I(=i,) =p"Mp Ref: “Introduction to
- 11

Robotics” by Saha

=e'le+m(exd) (exd) :%ma2

™ Moment of inertia about O



h=p' (MW +WM)p
= ge'[I(exe)+(ex1e)]=0

N
Z'lzN,TWE :[eT (EXd)T]L} —> z-lzz-_%mgasg

where [n],=[0 0 7] ;[f],=[mg 0 Q]

. . 1 . 1
Equation of motion: gmazezr—zmgase




Recursive Inverse Dynamics

Yn = Man T WnMnan
Yn—l — Mn—an—l + Wn—an—lan—l + Bl,n—lYn

Y, =M, + WM, a, + BglyZ

B, = pzéz + szzéz
+B,,B, + By,

B, =p.0, +2.p,0

+ Bn,n—an—l + Bn,n—lun—l
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Summary of Previous Lecture

Why recursive?

Define DeNOC (Decoupled Natural Orthogonal
Complement) matrices from velocity
constraints

Derived NE = EL equations (Constrained
minimum set)

Analytical expressions for the GIM, and other
matrices



One-link Arm

Equation of motion
(Dynamic Model)

I ma2g=,-2 mgasd
3 2

Fig. 9.3 One-link arm
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../../roboanalyzer/RoboAnalyzer6/RoboAnalyzer6.exe

Verify the results using MATLAB’s symbolic tool
(MuPAD)

I(Eill):pTI\7Ip:eTIe+m(e><d)T(e><d):%ma2
h=p" (MW+WM)p = e’ [I(exe)+(exle)]=0

T/ E T T/ N 1
n,=N;w-=[e" (exd) ]{J —brlzr—amgase

where [n],=[0 0 ]";[fl,=[mg O O]

. . 1 . 1
Equation of motion: gmazezr—zmgase



../../practices/matlab/mupad/one-link.mn

Example: Two-link Manipulator

L, I (=1y) | b h |, 0
R S N Y

- T~ .
I, =p>M5B5op, 2 Scalar Yg‘/

N

e, .
D, = : 6-dim. vector

e, xd,

NS
. I O
M, =M, :{ ’ }: 6x 6 sym. matrix / X
© ml tﬁ,‘/e -
1
c

'R

B L 6 x 6 identity matrix
= "o X
22 O 1 y

iy =[es15[12]20e2]0 + my[do]15[do 15




iy =[e215[12]20e2]0 + my[do]15[do 15

1 1
[e2], =[0 O 1]T;[d2]25[5320<92 532592 01"
_CQZ —362 0_
0 0 1
- s%0, —s6,c0, O
T ma’ 2
121 = Qallol3Q2 =—o-| =86¢0, 6, O
0 0o 1
i 1ma2+1ma2 1ma2
22 — A pdy ——lllhagy = 1o d)
12 4 3




i21(=i12) = Py MyByypy : Scalar

1 O :
By = : 6x 6 matrix
—(r1+d2)><1 1

oo o0
P, = : 6-dim. vector

e, xd,

(co, -s& O]

Q1

s¢ c4 O
c 0 1

i1 =[eo] [ohlerh +moldo i ([dh + 1]y +[do])

[e;h=[0 O 1]T; [do ]y =Qqld> ] =[%32C912 %323912 0]'

ek =0 0 1" [dyh =[5k ~Gach a0 Of

oy = 1 m2a§ + 1 m,a,a,CcH, + 1 m2a§ _1 m2a§ + 1 m,a,a,c6,
12 2 4 3 2




. _ Ty .
h1 =P MByap; - Scalar v,

B L 6 x 6 identity matrix
= o X
11 O 1 y

O ml

I, O
M, { ’ }: 6x 6 sym. matrix

|\7|1 :M1+B;1I\7|2821: Il 6-1~X1
-0,x1 m/l
—~ — el R
|1 = |1-|- |2 -|-m2( r1+d2 )X(SJ_XI)
( )
Py Cip(=—Cyy
0, =M,C,, - =
N by =[e1hh [l hle h+mldi] [d1hh
ml = ml ~+ m2

1 2 2 2
= § (Mg +myas ) +myay +myaga,co,




Vector of Convective Inertia

hy =

P

W3 =

% Msyaqas 392 912

—m231a259292( 0, +6)

DH and Inertia parameters

Inverse Dynamics Results

Link | Joint| &, b a 6,

(m) | (m) |(rad)| (rad)
1 r 0.3 |0 0 JV [0]
2 r 0.25 |0 0 JV [0]
Link | m, ix | iy | iz | lixx| lixy | lixe |

(kg) (m) (kg-m?)

1 05 (015 (0 |0 [0 (O |0 |0.00375 0.00375
2 04 101250 |0 (O (O |0 |0.00208 0.00208




Joint Torques

RoboAnalyzer
[ Joint1: GenForce (N.mm) Joint2: GenForce (N.mm) |
3 T . . : ; . . : : . . . . a . .
2 | No gravity
1 \ (horizontal)
= | |

-1 L

2 1T

Value

RoboAnalyzer

Joint1: GenForce (N.mm)

Joint2: GenForce (N.mm) |

With gravity

(vertical

20

40

60 80
Time Step




Forward Dynamics & Simulation

Equation of motion for one-link arm

1 a2g=,-1 mgasé
3 2

3

Forward Dynamics: 6=—

+ -

Integration (numerical): Y1 =0Y2=0 |1st order form:

' Y1 =12 y =f(y,t)
.- 3 1

: : Yo =6 = (r ——mgasin y;)
Simulation 2 mal . 2 1

(r— % mgaso)

Integrate (say, numerically) to obtain y(t) using,
e.g., Runge-Kutta method (ode45 of MATLAB)
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Simulation using RA

~ | Browser

Taeyo-Foo
L BRI 2 2

3D Model | Graph
|

Analyses
Time Duration No of Steps
1 100

[hen JB) (0w JE
[ |5 [rom ]iE

- Link1 |4
Link2

- Link3 E

- Link4

- Link5

. linl-R

= Links ~
i}

Angle Link Length ~ Twist Angle  Intial Value Final Value Visualize DH | Link Corfig | EE Config I Motion Trajedory| I
eta) deg (a) mm {alpha) deg  (JV) degormm (JV) degormm
: X > Select Joint Speed
1 |Revolute Variable 180 %0 0 60 T i D,
SeectRobot 2 |Revoite 135 Vaiable | 600 180 0 60 ol *] | | Gow Fast
KUKAKI v 13 |Revolte  |135 Variable 120 90 0 60 . . . .
4 |Revolde 20 Vaiahie 0 % 0 P Joint Offset Joint Angle Link Length Twist Angle s
. 5 |Revote |0 Vaiabe |0 90 0 60 Base Frameto End Efector |
ore
Robots | |6  |Revolute 115 Variable 0 0 0 60

.

B e m E G

S

20:29

0 il s g 012



../../roboanalyzer/RoboAnalyzer6/RoboAnalyzer6.exe

Recursive Forward Dynamics

Equation of the motion

10+CO="1

The joint

UDU'0 =@, where I = UDU" and ¢=1—-C9
Analytically
accelerations are then solved as

0=U"'D'U'p

Hence forward dynamics requires three steps

Step 1: Computation of ¢

Step 2: UDU’ Decomposition

Step 3: Recursive computation of 9



Observations

Derivations appear to be complex for the
simpler manipulators

It was for demonstration only
The computations will be done algorithmically
Due to recursive natures, calculations are fast

The algorithm should be used for complex
robotic systems like 6- or more-DOF robots



Intelligent Systems, Control and Automation:
Science an d Engineering
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Dynamics of Tree-
Type Robotic

Systems

Lecture 3

Recursive Robot
Dynamics
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ME Dept., lIT Delhi



Summary of Previous Lecture

Use of RoboAnalyzer (RA) for inverse dynamics
of one-link arm

GIM for 2-link manipulator
Inverse dynamics of KUKA robot
Forward dynamics and simulation
Use of RA for simulation

Some observations for using recursive
dynamics
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C:/Users/saha/saha/students/ug/raghav-siddharth10/BTP Movie.wmv

Four-bar Mechanism

* Separate all links
* Draw Free-body diagrams (FBD)

V1 T 2, o 21, 4G,
6, Base, #0 d,
\ fOl/
Equations of motion: 3 per link | fes g 0
= 000
|1‘91:71 o dlx fOly + dly 1E01x + Iy f21y o r1y f21x Base, #0
MC, = Tou + Toy; mlcly = fOly T f21y ’ 9 equations

~fra ~ 13 —4 (3™ law) = 9 unknowns



1 d1y _dlx I'-1y —I
1 -1 0's
1 -1
d2y _d2x r2y —I,
1 -1
1 -1
d3y _d3x _r3y I3y
0's 1 -1
_ 1 -1
A1 9x 9 matrix

3 _ 1,6, _
fle mlélx
Toay || MGy
Py 1,6,
Py m,C,,
P m,C,,
j@i If%
Foa m,C,,
B f03y 1 L msésy |
X:9x1 Db:9x1

* Ghosh and Mallik, Theory of Machines and Mechanisms

y

x=A"'b < L Ux=Db; Ly=b (Forward); Ux=y (Backward)

Disadv.: Need to calculate even the reactions for inv. dyn.




Three-link Serial with f,; as External

e Join first three links form

777777777 Y, e 1 4C:
Base, #0 d,
Equations of motion L fm/
f
NTNT (Mi + WME) = NTNT (WE +w )03/7/0///////////78/////////?{////////////////////9/////,;
ase

1 0+CO=15+ 1° : : 3 egs.
2.3 Jfog_a +4,+a,+3,=0—>J30=0

2x3



* The DeNOC matrices for 3-link serial manipulator

Proof of t¢ = J'f,,

~
| [ 1 0's|[ py 0's]|é|
t, |=|By 1 o 6,
(t3] [Baz By 1 |J|0's P3| | &5
18x1 N, 18x18 N, 18x3 3a
_  [wE+ BLwS +BIwg) |
BL, Bl [wf 'B;,B,, =By, =B Bl =BL,
N,T wC 1 B§2 W(2: = W(2: + Bgzng
0's 1 Wg Wy
i L= WS
AT _ 1 (r,+d;)x1 W :{n03+n23—d3xf23+r3xf03
6)(3; - {O'S 1 } 3 fos + 1



:%2 +n,, —d, xf, +r,xf;,
n

~C _ .,,C T .,C _ 23
W, =w, +B,,w;

o - fzg +f,

J{nog + o =y x By + 1, x By + (LK) x (Fy +@}

fos + 723

_nos +Ny, + (rz +d; + ra;)XfO?) -d, Xf12_
i -
i fos +1 1
- C _n03+n01+p1><f03_d1><f01_ 70077 277/77)
W, =
i fos +To |




Constraint Torque

o 0's || WE | )
T~C _ T ~ C (i=1273)= I
NdW = P2 W5 pl( ) |:ei><di:|
O'S pg Wg

N, +Nn, +p, xf,—d xf
Z'lc :pI\va :|:eI (elxdl)T:||: 03 T o1 fp1+><f03 L X 01:|
03 01

Scalar
=€ (Ngg +Ngy + Py X Ty —d, xTy)
+ (e, x dl)T (fs +1,,)
=€, (p, xfe5) = (€, xp;) s

=P, W; =8 (p, xTis) = (€, %p,) g (\ :
= piws =e] (a,xf,) = (e, xa,) f,, A ),




Equations of Motion

" N E C
9+€0= = T J=lexp e, xp, e;xp;

" known [7,0,0]' J'f,

a1 1 —S; —apS;p —a3S103 ¥C +ayCip +a3C103 || 71

7o |=1|0 —an312 —a35123 apCio +azCp3 fosx

5| O —838123 30123 | Tosy
- v s =
b:3x1 ABXS x:3x1

Adv.: Reduced size of 3x3 (instead of 9x9) for

inverse dynamics




Subsystem Recursive Method

- Cut-open in a suitable location
* Make serial systems
* Apply serial-chain methods

72 7 77 77 #2
0 Base, #0 o
* %
/" \m1 %,
Subsystem equations )\ g 8
Il "y | ChI 1
1’6" +C'0 =1 +(17) V77 77 LY,
:1eq., 3 (1, A, A))? [1R: done] Oy Base, #0
IIIOII +C“O“ :T“ +(TC)“ al:_ao_az_ag

:2eqs., 2 (A, ky)? [2R: done]



a =-a,—-a J'o' =3"0" N g o
8% = 0'=6,;6" =| °

6”
J | _ |:_alsl:|_ J Il { A35,3 + Ay S, _a2812:| 2

, —_—
aicl 2x2 _a3C123 o a2C12 a2C12
H‘,_/ A “ 4
AN Ng A NinNg

2x1

System + Motion

Subsygem n:1"0" +C"e" = ¢" -|—(1'C)I »
[0.0I" gy
SubsystemI: |'g' 1 C'9' =¢' +(£°)'
"‘ 1 (IH'a

System + Motion Driving torque, T,

Solve A

L

Adv.: Subsystem recursion.; Maximum size: 2x2 (not
9x9 or 3x3); Can use existing serial-chain dyn. algo.



Joint angles (deg)

Free: http://www.redysim.co.nr/download

Time (s)

Sub-system Length (m)
(link) Mass (KQ)
|(#1) 1.5 0.038
[1(#2) 5 0.2304
[1(#3) 3 0.1152
0 0.5 e & 1 1.5


http://www.redysim.co.nr/download
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Summary of Previous Lecture

Dynamics (classical way) of 4-bar mechanism
using FBD

Cut-open 3+0 constrained dynamics of 4-bar
Cut-open 2+1 constrained dynamics of 4-bar

Inverse dynamics using ReDySim



Forward Dynamics of 4-bar Mechanism

Constrained equations of motion:

16 C = (O 18" 418" = 1 4 (20"

S ERNEP .01 3"y

0 0
Velocity constraints: [JI -J“} . =[ }

Oll O
I I DAE [Diff. Algeb. Eqn.) formul_ation: System appr.]
1o @Yy 6] [ 5-c'é - x=A"b
o 1" _(JII)T 0" | = Q" » +
gt g O 2L J'o +i"e" I(jt. accn.) 2ijt.
- JL 4L > vel. & pos.

A5x5 x:5x1 0:5x1 Using ReDySim P




System-level Lagrange Multiplier Method

Constrained equations of motion: 1'0' +C'0' =7 JF(TC)I
ERN AR
Illéll -|-C”é“ _ T“ —|—(TC)”
' ollé| [Sco || @)y oI 3"y
L= o | (') A
O III 9” T“-C“O” _(JII)T 1
L I:§:<3 J 0:3x1 L ¢l:§><1 o JT?gxg J_ ———

Velocit traint | JT_ 0 (bl
eloCIty constraints: —

Y = — J o] |
JI _JII - :_jlél _|_jlléll ) ) )
[ ] ) v S A={IIN)TUITG -¢)

1:2x2

J - —

jt. vel. & pos. €] (jt. accn.) = 0 :I_l((bl -J')
Adv.: Inversions of smaller (3x3 and 2x2) matrices




Five-bar 2-DOF Manipulator

7 a, 1 ‘, a,
f/////////////////////////////B//é/{/g///{/{/////////////////// f/////////////ﬁ/{/{/{//{{////////////////ﬁ
Subsystem equations
1'8' +C'0' =1' + (%)’ 12 eqgs., 3 (1, A,, A,)? [2R done]

16" +C"9" =" +(T/1)” :2egs.,1(t,)? [2R done]

¥

Symmetric; Need to combine: 4 eqs., 4 (t,, T,, A, Ky)?



Subsystem Recursion for 5-bar

fWWWWWWWWW

Base, #0 Base, #0
Subsystem equations
1'0' = C'9' =1' + (")’ :3 egs., 3 (14, A, A,)? [3R done]
19" +C"9" = 1" +(T/1)“ :1leq., 1(t,)? [1R done]

¥

No need to combine: Solved



Inverse Dynamics (w/o Gravity)

Link lengths: 1 m; Mass of links: 6 kg
=100 x|
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Inverse Dynamics (w/Gravity)
rgwe1 1=

File Edit Miew Insert Tools Desktop Window Help
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Cut here

Kinematic constraints

,+1,=4,=0

Two-DOF Parallel Manipulator

Link bi ei a; &%
(m) (m) | (m) | (m)
2 b, [IV] 0 0 0
Link m; Fix Viy | Tiz Ii,xx' Ii,yy
(kg) | (m) (kg-m?)
12 | 655 0 |.625| 399

Sliding velocity (constant): 0.1 m/sec.

Two RP serial manipulators; Combined: 4 eqs., 4 (f, f5, A, ky)?




Actuation force F2 (N) Vs Time
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Three-DOF RRR ParaIIeI Robot

2 —e

Subsystem 3 )
7 MM

#3

end-effector

Subsystem I: 5 eqs., 5 (tp, Ay A
Subsystem II: 1eq.. 1 (1p,)?
Subsystem lll: 1 eq.. 1 (tp;)?

Aoyr Agy )7?

2y’



Inverse Dynamics of 3-DOF RRR Robot

J-HER parallel manipulator

Sub- Link Length  Mass

svstern  # (m) (kg)
I I 0.4 3
245 08 i
3 0.4 8
11 fi 0.4 3
I11 T 0.4

* represents the side of equilateral trisngular link.

Inverse and Forward using ReDySim




Driving Torques (w/o gravity)

Driving torque (Nm)
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Driving torque {Nm)
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Six-DOF Parallel Robot:
Stewart Platform

' Mobile
-7 yPlatform - -

Extensible
Leg

Fixed
Platform



C:/Users/saha/saha/sem/6dof-sp.avi

Moving platform

Cut joint
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2 Subsystem | (3-DOF) d, 49
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#1 Cl’#l
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FBD of VIl Subsystem

Subsystem VIl (6-DOF)

\g 6 egs.; Zero?
PS5/ P .
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Inverse Dynamics Algorithm

_ 5 _
c T _
nvu _in A - fl
i—1 B S]_prl see 86 prﬁ .
6 A N *
c S1 e S6
fvu _Zyi ~ ~ _J_fVI_
B =1 | J:6x6

.
a
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X
[
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h :gxl

t=J"h

Ref: Sadana, M., 2009, Dynamic Analysis of 6-DOF Motion
Platform, M. Tech Project Report, IIT Delhi



) Analysis Interface for Stewart Motion Platform

Plot for Z-axis Linear-
Position
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) |Analysis Interface for Stewart Motion Platform

Actuation Force for Leg 1

Using GUI
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../../students/pg/mtech/mukesh2009/GUI_inverse dynamics/sddf.m

More Robots using ReDySim
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Legged Robots

Spatial
quadruped




Flexible Rope using ReDySim

Torsior
spring

Detail of the

Q module M;
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Conclusions

Purpose of Recursive Robot Dynamics
— Efficiency
— Numerical stability
DeNOC matrices for serial-chain
NE to EL derivations
Constrained equations of motion for serial-chain systems
Schemes for Inverse and Forward Dynamics (Simulation)
RoboAnalyzer software for robot dynamics
Parallel robot application
Four-bar mechanism from FBD
Cut-open system and subsystem recursion
ReDySim software
Five-bar, 3-DOF RRR, Stewart platform dynamics
Custom-made GUI for Stewart platform
Simulation of walking robots and rope using ReDySim
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